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We will also exploit a correspondence between Bell

























































































A tensor product of n Bell states is then described by a






























. We will also use


























)j i, in which Alice acts on her n qubits (jointly) with
an operation U
A












We are now in a position to state the main result of
this section:
Theorem 1 (i) If a local unitary operation (3) results in
a permutation of the 4
n
tensor products of n Bell states,
this permutation can be represented on the binary vector





























(ii) Conversely, any such permutation can be realized by
local unitary operations.
Note that all multiplication and addition should be
done modulo 2. We call a matrixA satisfyingA
T
PA = P
P -orthogonal. The aÆne and linear transformations con-




. In the sequel we sometimes directly refer
to the linear transformations as permutations.







, where v and w are binary vector
indices as in (2), and the -sign means equal up to a
complex phase (in this case 1,i, 1 or  i). Such a phase
is irrelevant as the Pauli matrices here are matrix repre-
sentations of pure state vectors.











, then the null vector is mapped to





















denotes complex conjugation. If we want to represent 
by x ! Ax + b we clearly have to choose b = v. Note











We now have to show that the permutation 
0
: x !








, is a linear P -
orthogonal map 
0
: x ! Ax. Linearity of binary






































. Furthermore, it can
be veried using the commutation and anticommutation





operators if and only if v
T


























all v and w, which proves A
T
PA = P .
To prove part (ii), we will rst consider n = 2 and
show that all permutations  : x! Ax with A
T
PA = P




























also true for n > 2, but generators aecting more than













, it can be shown that 
u
translated into





Px) = (I + uu
T
P )x.
We will now show that the group of permutations
generated by the permutations 
u
is isomorphic to S
6
,
the group of all permutations of 6 elements. Next we
will show that the group of P -orthogonal 4  4 matri-
ces contains 6! = 720 elements, which proves that all
P -orthogonal permutations are generated. Since no per-
mutation (except the identity) is commutable with all
permutations, S
6







: p ! qpq
 1
where p and q are
permutations of 6 elements. Such a transformation 
q
is
completely determined by specifying the images of the
15 commutations p
i;j
, permutations on f1; 2; 3; 4;5; 6g
that permute i and j. This holds because any per-















). Note that the image under 
q
of a commutation is again a commutation. As a result S
6
is isomorphic to the group of permutations of 15 elements
obtained by restricting 
q
to the commutations. We will
show that this is exactly the group of permutations gen-
erated by the generators 
u
(which can be considered as
permutations of 15 elements as 0000 can be left out, be-
ing always mapped to itself). To this end we establish the
following correspondence between nonzero 4-bit vectors
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(x)) for all u




realize the same permutation of















. This nally establishes the isomorphism between
S
6
and the permutations generated by the 
u
.
It remains to be shown that there are 6! P -orthogonal
4  4 matrices. It follows from A
T
PA = P that A is




except for the rst and second or
the third and fourth column. Therefore to make an ar-
bitrary P -orthogonal matrix, the rst column a
1
can be
chosen to be any nonzero 4-bit vector (15 choices), the





= 1 (one linear con-
dition yielding 8 possible a
2





(two linear conditions yield-
ing 3 choices after excluding 0000) and nally the fourth







(three linear conditions, yielding 2
possibilities). This results in 15  8  3  2 = 720 = 6!
possibilities. This ends the proof for n = 2.
For n > 2 we turn to the matrix picture and show
that every P -orthogonal matrix A can be reduced to the
identity matrix by two-qubit operations, i.e. 4  4 P -
orthogonal matrices embedded in an identity matrix on
rows and columns 2k + 1; 2k + 2; 2l + 1; 2l + 2 for some
k; l 2 f0; : : : ; n  1g. We concentrate on two columns of
A at a time, rst 1 and 2, then 3 and 4 and so on and
transform them to the corresponding columns of the iden-
tity matrix with two-qubit operations. Assume, without
loss of generality, that we are working on columns 1 and





the two columns of K
(k;l)
are commutable they can be
thought of as the rst and third column of a 4  4 P -
orthogonal matrix and can be reduced by a two-qubit
operation to the rst and third column of an identity
matrix. If the two columns of K
(k;l)
are noncommutable
they can be reduced to the rst and second column of
an identity matrix. One can see that by combining such
two qubit operations the rst two columns of A can be re-
duced to the rst two columns of an identity matrix. Due
to the commutability relations between the columns of A,
as a result, also the rst two rows become the rst rows
of an identity matrix. One can now proceed in a simi-
lar way with the next pairs of columns until the whole
matrix is reduced to the identity matrix. The composi-
tion of the inverses of all two-qubit operations that were
applied yields a decomposition of A into two-qubit oper-
ations that can be realized by local unitary operations as
shown above. This ends the proof. 
In the proof we saw that linear transformations (b = 0)














. The matrices U
A
that under this action map
tensor products of Pauli matrices to tensor products of
Pauli matrices possibly with a minus-sign are known to
form the Cliord group, studied in [7, 8] in the context
of quantum error correction and quantum computation.
The P-orthogonal matrices form a group that is isomor-
phic to a quotient group of the Cliord group. The Clif-
ford group is known to be generated by CNOT opera-
tions and one-qubit operations that map Pauli matrices
to Pauli matrices. It is possible that this knowledge may
be used to give other proofs for the theorem above. How-
ever, we think that our set of generators and the isomor-
phism between P -orthogonal 44 matrices and permuta-
tions of 6 elements are worthwhile results in their own. It
also follows that the CNOT operation should be decom-
posable in terms of our generators (at least up to phase























. Note that the
rst and last operation are actually 1-qubit operations.
III. MIXED STATE MULTI-COPY
ENTANGLEMENT DISTILLATION
FROM PAIRS OF QUBITS
The distillation protocols presented in this paper can
be summarized as follows.
1. Start from n identical independent Bell diagonal
states with entanglement. This yields a mixture of
4
n
tensor products of Bell states.
2. Apply a local permutation of these 4
n
products of
Bell states as described in the previous section. As
a result the n qubit pairs get statistically depen-
dent.





i). This can be accomplished
locally by measuring both qubits of each pair in
the j0i; j1i basis, and checking whether both mea-
surements yield the same result.
4. If all measured pairs were ji-states, keep the rst




This is a generalization of a protocol with n = 2 and
m = 1, presented in [2, 3]. In that protocol the applied
local permutation consisted of a bilateral CNOT oper-
ation by Alice and Bob. In our protocol, we will only
consider linear permutations (b = 0) as one can easily
see nothing can be gained by considering aÆne permuta-
tions. In the next section we discuss how to choose the
local permutation so as to obtain a good protocol. The
main result of this section is a formula for the resulting
state of m pairs as a function of the permutation of Bell
states performed in step 2 of the protocol:
Theorem 2 If Alice and Bob apply the above protocol,








































, with in step 2 a local permutation,
 : x ! Ax with A
T
PA = P , the resulting state of the
























4where S is the subspace spanned by the rows of AP with



















1 1 1 1
1 1  1  1
1  1 1  1



















y is y extended with 2(n m) zeros, and the long vector
indices of p and s and B behave like the indices of  in









Proof: After the permutation, and before the mea-



















; : : : ; (Ax)
2n
= 0 yield ji-states
and will be kept. These are the states jB
Ax
i for which
x is commutable with the rows a
2m+2
; : : : ; a
2n
of AP .
If we call the subspace of these vectors x, R, the suc-










; j = 1; : : : ; 2m yield jB
y
i-states. Together
with the conditions for being kept, these are 2m+(n m)
independent linear conditions, yielding a coset of an




must be S since the latter is (n   m)-dimensional and
satises all homogeneous conditions (with y = 0) by the
P -orthogonality of A. The right coset is obtained by
adding PA
T
P y (a combination of the rst 2m rows of
AP , determined by y). As a result the state of the rst




























can be calculated as the sum of the 2
2m
numerators. If only one coeÆcient is needed (for in-
stance if only the delity of the end state is needed)












. One can eas-





















































are 1 and half are 1. Now the states x 2
R are exactly the ones for which x is commutable with












This concludes the proof. 
IV. RECURRENCE SCHEMES
With the above formula for the end state of the pro-
tocol (Theorem 2), it is possible to derive good protocols
by searching over all possible values for the relevant rows
of the P -orthogonal matrix A and optimizing some qual-
ity measure. Typically this measure will depend on the
delity of the end state and the success rate of the proto-
col (the probability of having ji-states in the measured
pairs). In that case, one only needs the rst coeÆcient
(the delity) and the denominator (the success rate) in
(5), which both only depend on S, a space spanned by
only n m rows of S. Although this drastically limits the
search space, it still grows exponentially with growing n.
Therefore, to come up with schemes for large n, one
needs to use the recurrence scheme, as was proposed for
n = 2 and m = 1 in [2, 3]. If m = 1, this scheme means
that the above protocol is performed n times (with the
same local permutation) and the n identical end states
are taken as the input for a new step. Of course more
than two steps are possible too. One could also envision
recurrence schemes with m 6= 1, for instance, combining
two end states of an n = 4,m = 2-protocol to yield the
input for a second step with n = 4. In that case however
the input for the second step would no longer consist of n
independent pairs. Although this only requires a minor





be interpreted as products of p
00
; : : : ; p
11
), we will not
consider this case in this paper.
To end up with almost pure Bell states, the recurrence
scheme can best be combined with the hashing proto-
col as in [2, 3]. The hashing protocol is the best known
asymptotic protocol (for n ! 1) but can only be ap-
plied to Bell diagonal states with high enough delity.
The combined protocol then consists of rst applying a
few recurrence steps and then switching to the hashing
protocol.
The best known n = 2,m = 1-recurrence scheme is the
one of [6]. In our language it amounts to a scheme with
a 4  4 P -orthogonal matrix whose last line is 11 11. It
can be proven that this scheme yields the best achiev-
able delity after one step (though not achieved with the









. For this reason it is also best to
apply a pair per pair transformation after each recur-
rence step, which reorders the probabilities of the end
state if they are not ordered. (One can easily nd such
one-pair transformations using the theory of section II or
equivalently using the local operations of [2, 3].)
Although it is probably best to search for a new pro-
tocol for every given initial state, we propose below a
protocol which we think is good if one does not have the
time for such a search. We show by computer simulations
that it performs better than the n = 2 scheme.
Our scheme is an n = 4,m = 1 recurrence scheme
combined with hashing, and with as the last step pos-
sibly an n = 2,m = 1-step if this can lead to better
performance. For the local permutation (determined
by the P -orthogonal matrix A) we choose a permu-
tation that is found experimentally to often lead to
the best delity after one step, when starting with or-
dered probabilities. For this reason we also apply a











FIG. 1: Comparison of 10-logarithm of inverse asymptotic
yield L for input Werner states with delity F for proposed
protocol (full line) and existing recurrence/hashing protocol
(dashed line)
reordering in between recurrence steps as discussed for
the n = 2-protocol above. The chosen local permu-
tation corresponds to an 8  8 P -orthogonal matrix
A whose fourth, sixth and eighth row span the space
spanned by f10 11 11 10; 01 10 1100;11 1010 11g. This








10 01 00 00
e
i=4
01 00 00 01
e
i=4
10 00 11 00
e
i=4
00 01 10 00
:
(6)
In this realization the rst and second row of the P -
orthogonal matrix A are 01 10 00 10 and 10 10 10 10.
These rows are needed to compute the reordering op-










after one step of the protocol are
xed, their order is not. (The three cosets of S in R in
equation (5) are xed but not their order).
This realization was found by exhaustive search over
all operations that can be realized by 4 consecutive el-
ementary two-qubit operations. If, for protocols with
larger n for instance, no such simple realization can be
found in a reasonable amount of time, one can always
nd a realization using the theory of section II but this
can increase the total amount of work for the distillation
protocol. This was also one of the reasons for choosing
n = 4 in the proposed protocol.
As a performance measure we have chosen the ex-
pected average number of input pairs needed per out-
put Bell state in an asymptotic protocol (the inverse of
the asymptotic yield). The number of recurrence steps
was also chosen as to optimize this measure. Fig. 1
shows the performance for our method (n = 4,m = 1-
recurrence with the local permutation realized by U
A
as
in (6), with reordering between the steps, possibly one
last n = 2,m = 1-step, and optimal switching to hash-
ing protocol) and the method of [6] with reordering be-
tween the steps and optimal switching to the Hashing
protocol. For the sake of simplicity the gure only shows















), but the method also performs
better for non-Werner states.
To do better than this protocol for a specic initial
Bell diagonal state, one can do several things depending
on the amount of computing time available. One can try
recurrence schemes with higher n and even higher m, but
the amount of time needed increases fast with increasing
n. There is of course no obligation to take the same
local permutation in consecutive recurrence steps. One
can also consider distilling more than one end state at
once. Making two states with two n = 4,m = 1-protocols
is just a special case of a non-optimal n = 8;m = 2-
protocol. One can of course search for better ones if
one has the time. In this case, the two obtained Bell
states will not be independent but as the delity goes
to 1, their dependence will vanish. Also two consecutive
recurrence steps, say two n = 2,m = 1-steps, can be
considered as one bigger non-optimal step, in this case
with n = 4,m = 1. So if one has the time one can in
theory always go for a one shot protocol (no recurrence),
but if one combines with the recurrence scheme one can
always aord lower initial entanglement with the same
amount of computing time.
V. CONCLUSION
We have derived new protocols for distillation of entan-
glement from mixed states of two qubits. The protocols
were based on a characterization of the group of all lo-
cally realizable permutations of the 4
n
possible tensor
products of n Bell states. Our protocols perform signif-
icantly better than existing protocols as was shown by
computer simulation. We also indicated how to derive
even better protocols for specic initial states.
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